We theoretically and numerically investigate resonant optical properties of composite structures consisting of several subwavelength resonant diffraction gratings separated by homogeneous layers. Using the scattering matrix formalism, we demonstrate that the composite structure comprising N gratings has a multiple transmittance zero of the order N. We show that at the distance between the gratings satisfying the Fabry-Pérot resonance condition, an (N -1)-degenerate bound state in the continuum (BIC) is formed. The results of rigorous numerical simulations fully confirm the theoretically predicted formation of multiple zeros and BICs in the composite structures. Near the BICs, an effect very similar to the electromagnetically induced transparency is observed. We show that by proper choice of the thicknesses of the layers separating the gratings, nearly rectangular reflectance or transmittance peaks with steep slopes and virtually no sidelobes can be obtained. In particular, one of the presented examples demonstrates the possibility of obtaining an approximately rectangular transmittance peak having a significantly subnanometer width. The presented results may find application in the design of optical filters, sensors and devices for optical differentiation and transformation of optical signals.
Introduction
The effect of optical resonance is utilized in a wide class of photonic devices possessing unique optical properties [1] . Diffraction gratings (DGs) constitute one of the most widespread classes of resonant photonic structures. Despite a long history (resonances in DGs were first observed by R. Wood in 1902 [2] ), resonant DGs remain the subject of intensive research due to numerous extraordinary optical effects arising in resonant conditions [3, 4] .
In recent years, significant research attention was dedicated to the investigation of the so-called bound states in the continuum (BICs) supported by various photonic structures and, in particular, by diffraction gratings [5] [6] [7] [8] [9] [10] . Under BICs, a class of the eigenmodes of the structure is understood, which, although coexisting with a continuous spectrum of radiating waves, remain perfectly confined and, therefore, have an infinite quality factor and a real frequency. The leakage of the mode energy to the open scattering channels can be eliminated, for example, by properly choosing the parameters of the structure so that the amplitudes of the outgoing waves vanish due to destructive interference. A small detuning from the BIC condition enables obtaining resonances with extremely high quality factors. This leads to many potential applications of photonic structures supporting BICs, including narrowband filters and sensors.
In the present work, we investigate composite dielectric diffractive structures consisting of several identical resonant DGs with subwavelength period separated by homogeneous dielectric layers. A distinctive feature of resonant subwavelength dielectric gratings is the presence of zeros in the transmittance spectrum [11, 12] . At the corresponding frequencies and angles of incidence, the radiation incident on the grating is totally reflected. Existence of the transmittance zeros makes it possible to use resonant DGs as optical filters [4, 13] , sensors [4, 14, 15] , and even devices for analog optical differentiation of optical signals 2 [16, 12] . In this work, using the scattering matrix formalism, we show that a composite structure comprising N identical DGs having a transmittance zero enables obtaining a multiple transmittance zero of the order N. It is demonstrated that at the distances between the DGs satisfying the Fabry-Pérot resonance condition, 1 N − bound states in the continuum, which are degenerate, are formed in the composite structure. In the vicinity of the BICs, an effect very similar to the electromagnetically induced transparency is observed. The presence of several resonances (and BICs) in the composite structure provides additional opportunities for controlling the shape of the spectra by choosing the thicknesses of the dielectric layers separating the DGs. In particular, one of the presented examples demonstrates the possibility of obtaining a resonant transmittance peak having a prescribed shape and a substantially subnanometer width.
Scattering matrix formalism
The optical properties of a diffraction grating can be described by a scattering matrix. The scattering matrix S relates the complex amplitudes of the plane waves incident on the grating with the amplitudes of the transmitted and reflected diffraction orders [11, [17] [18] [19] :
where R and T are the vectors of complex amplitudes of the reflected and transmitted diffraction orders, respectively, and (complex amplitudes of the 0 th reflected diffraction orders) for unit-amplitude waves impinging on the DG from the superstrate and the substrate regions, respectively. It is worth noting that the scattering matrix of Eq. (2) does not describe the near-field effects, which are associated with the evanescent diffraction orders of the DG. In addition, let us mention that the matrix of Eq. (2) also allows one to describe the optical properties of multilayer diffractive structures containing homogeneous layers and subwavelength diffraction gratings.
Let us consider a composite structure (composite DG) consisting of two subwavelength DGs described by scattering matrices of Eq. (2) and separated by a homogeneous dielectric layer with the thickness l and the refractive index n (Fig. 1) . In this case, the scattering matrix of the composite DG can be expressed through the matrix ( ) 1 
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where the symbol  denotes the Redheffer star product [17] defined as ( ) ( ) 
3 and ( )  L is the scattering matrix of the homogeneous dielectric layer. Upon the propagation through this layer, the plane waves corresponding to the 0 th diffraction orders acquire only the phase shift 
where E is the 22  identity matrix. By substituting Eqs. (2) and (6) into Eq. (3), we obtain the scattering matrix of the composite DG in the form 
The obtained Eqs. (3)- (7) are convenient for the analysis of the optical properties of composite structures carried out in the rest of the present work. (8) and (9) into Eq. (7), after some simple transformations we obtain the elements of the "composite" scattering matrix In what follows, let us show that a composite structure consisting of N DGs described by the scattering matrix of Eq. (2) has a transmission zero of the order N. This can be easily proven by induction. Indeed, at 2 N = , this statement has already been proven. Let us now show that if a composite structure described by the scattering matrix
has a zero of the order N, then the composite structure described by the matrix (
will have a zero of the order 1 N + . Let the elements of the "composite" scattering matrix (8), (9) and (14) into Eq. (13), we obtain the elements of the scattering matrix
The obtained expressions (15) show that the composite structure described by the scattering matrix 
Bound states in the continuum in composite structures
As a rule, the zeros in the transmittance and reflectance spectra of a diffraction grating are associated with the quasiguided eigenmodes supported by the structure. The frequencies of the eigenmodes correspond to the poles of the scattering matrix (the poles of the reflection and transmission coefficients) considered as a function of the complex frequency   [18, 21] . In order to simplify the further analysis, let us assume that the transmittance zero of the initial DG is associated with a resonance having a Lorentzian line shape in reflection. This line shape is often observed in subwavelength dielectric DGs [13] . In the case of a Lorentzian resonance, the elements of the scattering matrix of Eq. (2) can be approximated by the following expressions: Next, we consider composite structures comprising DGs with Lorentzian spectra described by Eq. (16) . We assume that the phase shift   ( )
From Eqs. (7), (15), (16) and (17), it follows that in the general case, a composite structure containing N DGs has a transmission zero of the order N and N poles. At the same time, under the condition of Eq. (11), only one zero and one pole remain. Let us demonstrate this effect for the composite structures consisting of two and three resonant DGs. Substituting the resonant representations (16) into Eq. (7), after some simple transformations we obtain the transmission coefficient of a composite structure consisting of two DGs in the form In accordance with the proof of the multiplicity of the transmission zero given above, the considered composite grating has a second-order transmission zero at Re pp  = is a bound state in the continuum (BIC) [5] [6] [7] [8] [9] [10] . BIC is a mode that coexists with a continuum of radiating waves but has an infinite quality factor (a real frequency). The considered structure consisting of two DGs has only two scattering channels corresponding to the 0 th reflected and transmitted diffraction orders. The leakage to these channels is canceled if the condition of Eq. (11) holds, which describes the Fabry-Pérot resonance formed between the diffraction gratings constituting the composite structure. A similar behavior is observed in the composite structure consisting of three DGs. Calculating the scattering matrix 
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Thus, if the condition of Eq. (11) holds, the poles ,1 p  and ,2 p  become identical and real and coincide with the real-valued transmission zeros. This means that in the composite structure with three DGs, two bound states in the continuum exist. Since the BIC frequencies coincide, their arbitrary linear combination is also a bound state; therefore, the BICs supported by the structure described by Eqs. (11), (20)- (22) turn out to be doubledegenerate.
Finally, let us discuss the behavior of the composite structure comprising N DGs. As it was shown in Section 2, the composite structure consisting of N DGs has a transmittance zero of the order N and N poles. Therefore, the transmission coefficient of such a composite structure can be written as BICs are formed in the composite structure. Let us note that the formation of a Fabry-Pérot BIC in the composite structure consisting of two resonant structures is known. In particular, Fabry-Pérot BICs formed in a structure consisting of two DGs were considered in Refs. [6] [7] [8] . At the same time, to the best of our knowledge, the effect of the formation of multiply-degenerate BICs in the composite structure consisting of N DGs has not been considered yet. Let us note that the Lorentzian shape of the resonance supported by the single DG is not necessary for the formation of a set of BICs. The representations given by Eq. (16) 
Numerical simulation results
Let us numerically investigate the resonant properties of the considered composite structures. For this, let us first discuss the resonant behavior of the diffraction grating used as a building block of the composite structures.
Resonant diffraction grating
As the initial DG, let us use a single-layer (binary) resonant grating with the parameters taken from Ref. [13] . The reflectance and transmittance spectra of the grating are shown in Fig. 2 , and the parameters of the DG are given in the figure caption. The inset to Fig. 2 shows the geometry of the grating. The spectra were calculated using an in-house implementation of the Fourier modal method (also known as rigorous coupled-wave analysis) [17] for the case of normal incidence of a TE-polarized plane wave. Due to the existence of a horizontal symmetry plane of the DG, the coefficients The inset shows the geometry of the grating. 
Bound states in the continuum
Investigation and optimization of the spectra of composite structures
In addition to the formation of a set of BICs, the spectra in Figs. 3 and 4 Fig.5 show the spectra of the initial DG. Figure 5 shows that under the condition of Eq. (25) , the transmittance dip becomes closer to a rectangle with an increase in N. At the same time, sidelobes appear near the main transmittance dip (reflectance peak), which are especially noticeable at 4 N = [ Fig. 5(b) ]. These sidelobes are caused by the appearance of additional poles of the transmission and reflection coefficients. 
which describes a smooth nearly rectangular dip with the width 2 and no sidelobes. The representation (26) is natural for the considered composite structures, since it generalizes the Lorentzian line shape and takes into account the fact that the transmission coefficient This effect is very similar to the electromagnetically induced transparency effect and, in the considered case, is associated with the zeros of the reflection coefficient. Let us note that the reflection coefficient of the composite structure containing four DGs ( 4 N = ) has four poles (which are the same as the poles of the transmission coefficient) and three zeros, which lie in the vicinity of the multiple zero of the transmission coefficient. It is interesting to mention that in the case when the condition of Eq. (11) holds, these three zeros become real, coalesce with the multiple zero of the transmission coefficient, and are cross-canceled with the real poles corresponding to the three BICs supported by the structure. This leads to the formation of a "simple" (single-pole) resonance having a Lorentzian line shape [see Fig. 4(b) ].
The positions and widths of the transmittance peaks in Fig. 7(a) 
=
. The transmittance spectrum of the corresponding optimized structure is shown in Fig. 7(b) . The spectrum of the composite structure in Fig. 7 
Conclusion
In this work, using the scattering matrix formalism, we investigated resonant optical properties of composite structures consisting of several subwavelength resonant diffraction gratings separated by homogeneous layers. We demonstrated that the composite structure comprising N gratings has a multiple transmission zero of the order N. At the distance between the DGs satisfying the Fabry-Pérot resonance condition, (N -1)-degenerate bound states in the continuum are formed in the composite structure. The presented theoretical results were confirmed by full-wave numerical simulations. It was shown that in the vicinity of the BICs, an effect very similar to the electromagnetically induced transparency is observed.
We also demonstrated the possibility to control the shape of the resonant transmittance dip (reflectance peak) by choosing the thicknesses of the layers separating the DGs in the 13 composite structure. In the case when the DGs constituting the structure support a Lorentzian-shape resonance, one can obtain resonant transmittance dips (reflectance peaks) of approximately rectangular shape. The shape of the reflectance peak is well described by the transfer function of the Butterworth filter, whereas the width of the formed peak is very close to the width of the initial Lorentzian resonance supported by a single DG.
The presence of 1 N − BICs in the composite structure provides additional degrees of freedom for controlling the shape of the spectra in the vicinity of these BICs. In particular, the presented example demonstrates that by choosing the thicknesses of the dielectric layers separating the DGs, one can obtain an approximately rectangular transmittance peak having a significantly subnanometer width.
The obtained results may find application in the design of optical filters, sensors and devices for optical differentiation and transformation of optical signals. 
